)) introduced plasticity in the Weierstrass model, but concluded that the fractal limit continued to lead to what they considered unphysical predictions of the true contact size and number of contact spots, similar to the elastic case. In this paper, we deal with the contact problem between rough surfaces in the presence of adhesion with the assumption of a Johnson, Kendall and Roberts (JKR) regime. We find that, for fractal dimension D > 1.5, the presence of adhesion does not qualitatively modify the contact behaviour. However, for fractal dimension D < 1.5, a regularization of the contact area can be observed at a large magnification where the contact area consists of segments of finite size. Moreover, full contact can occur at all scales for D < 1.5 provided the mean contact pressure is larger than a certain value. We discuss, however, the implication of our assumption of a JKR regime.
Introduction
Contact between rough surfaces has attracted more and more scientific interest due to the wide implications that it has in many engineering systems. The first attempt to investigate the multiscale nature of elastic contact is due to Archard in the 1950s [1, 2] . Afterwards, Greenwood and Williamson (GW model in the following) [3] dealt with this problem and introduced asperity-based models in which the distribution of contacting asperities
Adhesion of slightly wavy surfaces
In this section we briefly recall the solution, given in [28] , of the contact problem in the presence of adhesion between a two-dimensional elastic half-plane and a rigid body with a sinusoidal profile defined by the function z(x) = g 0 cos 2π
where g 0 and λ 0 are, respectively, the amplitude and wavelength of the sine wave. 
(a) Partial contact
In the absence of adhesion, when contact occurs at the crests of the profile on segments of width 2a, i.e. when the mean pressurep is lower than the value p * 0 = π E * g 0 /λ 0 , where E * = E/(1 − ν 2 ), the contact pressure can be written in closed-form as (Westergaard's solution [29] , −a ≤ x ≤ a, (2.2) where the mean pressure is related to the contact size a bȳ
In the presence of adhesion, the solution of the problem can be obtained by superposing on p (x) a negative (tensile) pressure p (x), corresponding to the tensile loading of a plane containing an array of equally spaced cracks, each of length 2b = λ 0 − 2a, whose solution was given by Koiter [30] ,
The mean tensile pressurep is related to the contact size a by equating the work of adhesion w to the elastic strain energy release rate G = K 2 I /2E * , being K I the mode I stress intensity factor, In the above expression, α 0 is a dimensionless parameter depending on the work of adhesion w
The net pressure distribution at the contacts is then given by the superposition of p (x) and p (x). Consequently, the mean pressurep is
or in terms of the contact segment ā
We also record the maximum pressure at the peak, x = 0, which is
Note p max is a function ofp throughp . Unfortunately, we cannot explicitly relate p max top, because equation (2.7) may be only numerically inverted. Figure 1 shows the variation of the mean pressurep, normalized by p * 0 , with the dimensionless semi-contact width π a/λ 0 , for different values of the adhesion parameter α 0 .
Since the problem is force controlled, under a compressive load, the decreasing parts of the curves correspond to unstable solutions. Therefore, when the rigid sinusoidal profile is approached to the elastic half-plane with zero mean pressure, contact is immediately established, due to the action of the adhesive forces, and the equilibrium condition at point B is reached. This process is not reversible. In fact, the variation in adhesive surface energy occurring in this case is larger than the elastic strain energy associated with the deformation, the excess being dissipated in the propagation of stress waves. From this point, the pressure follows the equilibrium curve up to the maximum (point C); beyond it complete contact occurs. The maximum mean pressure necessary to establish full contact is a fraction κ of p * 0 , and reduces with α 0 . For α 0 > α cr 0.57, point B disappears and partial contact may not occur with compressive mean pressures. In this case, the solution simply leads to full contact even at zero load. Note, when contact is established, it may be maintained also for negative (tensile) mean pressures, providedp ≥ p pull-off = ηp * 0 , where η is a negative parameter, a function of α 0 . When α 0 > α lim 1.065, equation (2.8) predicts complete contact for any value (compressive or tensile) of the mean pressure, being in this case solutions with partial contact always unstable.
Note the parameter α 0 is proportional to the ratio between the adhesive surface energy in one wavelength and the elastic strain energy required to flatten the sinusoid and is related to the modified Tabor parameter μ by At high values of α 0 , the adhesion energy is sufficiently high to ensure complete contact. In such cases, no finite traction is strictly sufficient to cause pull off according to the JKR theory. Since the JKR is an approximation of the Lennard-Jones force law, pull off initiates as soon as the maximum tensile traction at the troughs of the sinusoid reaches the theoretical strength σ 0 . However, in real cases, separation is obtained for smaller values of the tensile traction, so in [28] it is argued that the presence of interfacial defects, acting like small cracks, must be invoked to initiate pull off.
Alternatively, we can observe that at high values of α 0 , corresponding to μ < 1, a different approach with respect to the Johnson one should be developed, as discussed in §5.
(i) Probability distribution of contact pressure According to the approach given in [14] , the cumulative probability pressure distribution Q(p,p, p * 0 , α 0 ) can be obtained by calculating the proportion of λ 0 over which the contact pressure exceeds a given value, p, i.e.
Solution of inequality (2.11) can be written as The cumulative probability distribution for the contact pressure is then
(2.14)
and the probability density function q(p,p, p * 0 , α 0 ) = −∂Q/∂p,
Note both Q and q are functions of the mean pressurep throughp .
(b) Complete contact
When the mean pressure,p ≥ κ(α 0 )p * 0 = κ 0 p * 0 , complete contact occurs and the contact pressure is given by
The maximum at the peak, x = 0, is
Note, in the range κ 0 p * 0 ≤p < p * 0 , contact segments with negative traction pressure occur.
(i) Probability distribution of contact pressure
The cumulative probability pressure distribution
In the range,p − p * 0 ≤ p ≤p + p * 0 , the proportion of λ 0 over which the contact pressure is larger than a given value p, is obtained from equation (2.17)
and hence
Then, the probability density function for contact pressure q(p,p, p 
Adhesion of rough surfaces
Consider a rough surface containing a series of superposed sine waves, defined by the Weierstrass function [31, 32] z(x) = g 0
The nth term has amplitude and wavelength given by, respectively, 
(a) Complete contact
If the mean pressurep is sufficient to cause full contact, the contact pressure can be written in the form
For contact to be continuous the pressure must be positive everywhere so thatp >p. Since for γ > 1 and D > 1, the series (3.5) does not converge, there is no finite value of mean pressurep that is sufficient to ensure complete contact between a fractal rigid surface of the form (3.1) and an elastic half-plane.
However, when adhesion is postulated at the interface, depending on the values of γ , D and α 0 , finite values of mean pressurep exist for which complete contact may occur. In fact, for a Weierstrass profile, the adhesion parameter depends on the scale n according to the relation: Figure 2 shows the variation of α n with n, for different values of the fractal dimension D.
For D > 1.5, α n reduces with n. In this case, complete contact may not occur for finite values ofp, because the adhesion parameter α n moves towards zero in the limit of large values of n. This entails that, at the short length-scale structures of the rough surface, adhesion is completely destroyed.
For D < 1.5, the adhesion parameter increases with n. In such case, full contact can occur at all scales provided the mean contact pressurep is sufficiently high to exceeď
beingn the scale at which αn ≥ α lim . For D = 1.5, α n is constant with n and complete contact at all scales occurs only if α 0 > α lim (or α cr if the mean contact pressure is compressive).
(b) Partial contact (i) Probability distribution of contact pressure
If we consider a fractal surfaces of the form (3.1) with γ 1, so that there are many waves of scale n in one wavelength of scale n − 1, the mean pressure at the scale n can be approximated by the pressure p n−1 at scale n − 1, because it changes only slightly over one wavelength λ n . Under these assumptions, in [14] it is shown that the problem can be solved with a recursive application of Westergaard's solution with applied mean pressures which varies during the process. This is essentially the Archard's assumption that the load carried locally at each given location is then redistributed to a sufficiently large number of asperities at the higher level of roughness. This permits an 'uncoupling' of scales in the calculation of the redistribution of the pressure from one scale to the next smaller one. Therefore, in our notation, this is applied for Weierstrass profiles with γ 1, solving the contact problem at the scale n − 1 and then locally redistributing the contact load at the smaller scale n. The process shares with the Persson magnification process [5] the idea that roughness appears in the process incrementally with shorter and shorter wavelengths, but the two processes (Archard and Persson's) have some differences and lead to different results [33] . Therefore, equations given in section §2 carry over into this problem, with the substitutions
The function q(p n , p n−1 , p * n , α n ) defined by equations (2.15), (2.16), (2.23) and (2.24) is the conditional probability of p n , given p n−1 , i.e. q(p n , p * n , α n |p n−1 ). Therefore, if we know q n−1 (p n−1 ), we can calculate the probability distribution q n (p n ) by summation over all values of p n−1 . As a result, splitting the integral into two intervals corresponding to partial contact and full contact, we can write
Moreover, the limits of integration of I 1 and I 2 are further restricted by the inequalities given in (2.15), (2.16), (2.23) and (2.24), leading to
(∂y/∂p n )q n−1 (p n−1 ) dp n−1 
where (p n−1 ) min , which depends on p n , is the value of the mean pressure for which
(3.14)
with the restriction η n ≤ (p n−1 ) min /p * n ≤ κ n . Notep m andp [(p n−1 ) min ] can be obtained as solutions of (2.7), replacingp with κ n p * n and (p n−1 ) min , respectively.
At scale n = 0, we have q 0 (p 0 ) = q(p 0 ,p, p * 0 , α 0 ). Consequently, equation (3.8) can be used as a recursive formula to calculate q n (p n ).
(ii) Contact area
The conditional probability of contact area, given p n−1 , is unity for complete contact and 2ψ a /π for partial contact, being ψ a solution of the following equation
from (2.8). Therefore, according to [14] , the total contact area A n at scale n, can be calculated by
n , α n ) dp n−1 + ∞ κ n p * n q n−1 (p n−1 ) dp n−1 . (3.16) Figure 3 shows the contact area A n /λ 0 as a function of the scale n in a semi-logarithmic plot, for γ = 5 and a fractal dimension D = 1.75(> 1.5). Plots are given for different values of the adhesion parameter at scale n = 0, andp/p * 0 = 0.01 (figure 3a) andp/p * 0 = 10 (figure 3b). Similar plots are shown in figure 4 for γ = 5 and a fractal dimension D = 1.35(< 1.5) and two different mean contact pressures:p/p * 0 = 0.01 (figure 4a) andp/p * 0 = 2 (figure 4b). In the absence of adhesion (α 0 = 0), the same results shown in [14] are recovered. In this case, the contact area continuously decreases with n, showing there is no contact segment of finite size in the fractal limit. The contact area will be constituted by segments of infinitesimal size. This result is independent of γ , fractal dimension D and mean pressurep/p * 0 . Moreover, at relatively large n, the relation between the total contact area and the scale number tends to a straight line with a negative slope, which does not depend onp/p * 0 . At low n, the curves for low pressures are steeper and the total contact area deviates from the power-law form. At high pressures, full contact occurs at low scales, but increasing n partial contact dominates the contact behaviour.
In presence of adhesion (α 0 > 0), we observe a different behaviour depending on the value of the fractal dimension D. When D > 1.5 (figure 3), no qualitatively differences in results are observed with respect to the case without adhesion. In fact, in the limit of relatively large scales, the total contact area tends to a decreasing linear curve, so showing a limiting power-law fractal behaviour. This result occurs also at high mean pressure and α 0 .
When D < 1.5 (figure 4), the contact area reaches a constant value as the magnification is increased and full contact occurs at the short length-scale structures of the rough surface. In this case, therefore, fractality is destroyed by adhesion and the total contact area is constituted by segments of finite size. The present results are in agreement with [25] , where numerical calculations are performed about the problem of adhesion of plates on two-dimensional rough surfaces. In this case, the threshold fractal dimension is obviously 2.5. It is shown that, for D < 2.5, the area of contact reaches a constant value as the magnification is increased and the solid may rest in full contact with the short length-scale structure of the rough surface. On the contrary, when D > 2.5, a continuous decrease of the contact area with magnification is observed and only partial contact may occur at the interface between the solid and the fine scale surface roughness.
Detachment from complete contact
There is no doubt that in the case of high fractal dimensions D > 1.5, since we predict a sparse fractal contact area, with nowhere areas of full contact, we should also have a small pull-off adhesive load. It remains more interesting to see the case of low fractal dimensions D < 1.5, for which we expect a finite total contact area, which is characterized by areas of separations, interspersed with areas of 'full' contact, where successive small wavelengths do not change the apparent converged solution. We can therefore define a general procedure to compute the pull off from a generic 'defect', where a defect could be an existing area of separation, or, in the limit case of starting from full contact, a defect postulated at the interface due, for example, to the presence of small dust particles or trapped air, in analogy to what Johnson [28] suggests for the single sinusoid when full contact is achieved during the loading stage. In particular, Johnson [28] proposed a very simple formula to calculate the tensile mean pressurep f necessary to trigger the propagation of a defect of size 2b f and located at a trough For a rough contact, we can calculate the strength of adhesion as the conditions under which the 'defect' (or an area of separation) grows. We assume the defect with size 2b f located at a trough of the fundamental sine wave with amplitude g 0 and wavelength λ 0 . Moreover, we consider the case in which complete contact at all scales can occur (D < 1.5). In such cases, the mean contact pressure required to have full contact is given by equation (3.6) . The condition of zero surface forces within the defect determines a negative tensile pressure acting on the surfaces of the flaw
that balances the pressure necessary to keep the surfaces in contact. If the size b f is of the order of magnitude of the wavelength λ m , the above expression can be simplified
In (4.3), we have implicitly assumed that only the first m terms of the series are requested to close the defect. Under the above assumptions, the stress intensity factor to the ends of the crack can be calculated as Enforcing the condition G = K 2 I /E * = w and using (3.5), we can calculate for any given defect size b f the critical stressp pull-off which makes the defect grow
5. Discussion about the fractal limit
The JKR solution may become inappropriate in the limit for a sinusoid of high amplitude/wavelength ratios, as unfortunately is the case of the sinusoids in the Weierstrass or, very similarly, in a power law continuum fractal spectrum. Using the latter case for the notation, the amplitude over wavelength ratio follows a law g/λ = (g 0 /λ 0 )(λ/λ 0 ) H−1 → ∞, for any fractal dimension, i.e. Hurst exponent 0 < H < 1 (but particularly worrying for low H, i.e. large fractal dimensions). Starting, therefore, with the case of large fractal dimensions, where Johnson's parameter α tends to decrease and therefore at sufficiently low wavelength tends to zero as α ∼ √ λ/g ∼ λ 1/2−H , the contact is similar to that of an adhesion-less case, and in particular, it is characterized by isolated asperities contact. For a single sinusoid, it can be easily shown that under tension, the pull-off tension at each individual contact is for the JKR model
where we have assumed that w = p 0 ε, where p 0 is the theoretical strength of adhesion, and ε is the characteristic length scale in the Lennard-Jones potential. This means that, contrary to the intuitive expectation, for small wavelengths (5.1) seems to diverge (and in particular at one point would even go beyond the theoretical strength itself), although this tension should then be multiplied by the number of contacts and it is unclear a priori if the actual pull-off load is finite or not. However, the JKR solution clearly becomes inappropriate at a sufficiently small wavelength, since the amplitude g of the sinusoid is comparable with the length-scale ε of the Lennard-Jones force law, and attractive tractions in the separation regions will then have a significant effect. Wu [34] used a numerical method to solve the elastic contact problem with the exact force law for a single sinusoid and showed that the JKR solution is in error when the modified Tabor parameter μ < 1. In the fractal limit μ 1, a Bradley solution may be preferred to a JKR solution, and this has already been commented on by Scaraggi & Persson [27] . It can be easily shown that a Bradley solution in the limit of relatively large values of g 0 /ε can be obtained considering only the tractions near the peaks of the sinusoid contributing to the mean traction, which is then well approximated by the 'Hertzian' value, and the highest tensile traction is p pull-off,B = 0.3824p 0 ε g 0 ,
which is completely different from the previous equation (5.1), suggesting the JKR model completely fails qualitatively in this case, and not just quantitatively as it is in the case of the sphere, where for rigid sphere in the Bradley limit and in the JKR limit, the analysis only changes a prefactor. Note that if we were to use Lennard-Jones or Maugis kind of approximation, the curvature of the asperities, which is crucial in the JKR model, has in reality no effect and it is the amplitude of the roughness that is critical, and we might get full contact also for D > 1.5.
Conclusion
The present results show that for a rough profile defined by the Weierstrass function, the contact behaviour can significantly change in the presence of adhesion. In particular, for fractal dimension D > 1.5, no qualitatively differences are observed with respect to the case without adhesion. The contact area is defined by a fractal set, in the sense that contact is constituted by segments of infinitesimal size, so the total contact area tends regularly to zero. For fractal dimension D < 1.5, complete contact occurs at the short length-scale structures of the rough surface. In this case, the total contact area is restricted to segments of finite dimension in the limit of sufficiently large scales. Moreover, for D < 1.5, full contact on all scales can occur provided the mean contact pressure exceedsp = p * 0 n n=0 γ (D−1)n , wheren is the scale above which α n ≥ α lim . We have, however, remarked that these results strongly depend on the assumptions on the load redistribution implicit in the Archard model, and in our assumption of the JKR model of adhesion. 
